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Abstract
Benado ( ˇCehoslovak.Mat. Ž. 79(4) (1954) 105–129) and later Hansen (DiscreteMath. 33(1) (1981)
99–101) have offered an algebraic characterization of multilattice (i.e., a poset where every pair of
elements satisﬁes that any upper bound is greater than or equal to a minimal upper bound, and also
satisﬁes the dual property). To that end, they introduce two algebraic operators that are a generalization
of the operators ∧ and ∨ in a lattice. However, in Martinez et al. (Math. Comput. Sci. Eng. (2001)
238–248), we give the only algebraic characterization of the multisemilattice structure that exists in
the literature.Moreover, this characterization allows us to give amore adequate characterization of the
multilattice structure. The main advantage of our algebraic characterizations is that they are natural
generalizations of the semilattice and lattice structures.
It is well-known that in the lattice theory we can use indistinctly pairs of elements or ﬁnite subsets
to characterize them. However, this is not true when we work with multilattices. For this reason in this
paper we introduce two new structures from the ordered point of view, called universal multisemi-
lattice and universal multilattice, and we propose an equivalent algebraic characterization for them.
These new structures are generalizations, on one hand, of semilattice and lattice and, on the other
hand, of multisemilattice and multilattice, respectively. The algebraic characterizations have the same
advantages as the two introduced by us in Martinez et al. The most important purpose of this paper is
to deepen the theoretical study of universal multisemilattices and universal multilattices.
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1. Introduction
The results of our research group in the ﬁeld of automated deduction [7,11,13,14] are
based on the efﬁcient manipulation of the sets of unitary implicates and implicants. The
main obstacle we face when attempting to extend the results obtained for classical logics
[10] and many-valued logics [1] to temporal logics, is the greater complexity of the set of
unitary formulae, or literals, with the “logical implication” relation, (Lit, ).
The ﬁrst temporal logic we studied was FNext, that is, a temporal propositional logic with
linear and discrete time where the only fragment taken into account is the future fragment.
In this logic, the complexity of the set of literals was easily overcome because (Lit, )
has a lattice structure (Fig. 1).
However, when we add the past fragment in FNext±, we ﬁnd that (Lit,) does not have
a lattice structure, but it preserves several properties of the lattice structure (Fig. 2). The same
applies to fully expressive temporal logics, such as US logic [16] and LN logic [6]. This
made obvious the need to carry out a theoretical study of new order structures that would
enable us to work with the set of literals to obtain efﬁcient methods of automated deduction
for temporal logics. In these new structures, we replace the concepts of supremum and
inﬁmum by multisupremum and multiinﬁmum, that are the minimal elements of the upper
bounds and the maximal elements of the lower bounds, respectively.
Using the concepts of multisupremum and multiinﬁmum, we can ensure that for every
ﬁnite subset, the set of literals satisﬁes the following conditions:
(i) any upper bound is greater than or equal to a multisupremum.
(ii) any lower bound is lesser than or equal to a multiinﬁmum.
In the literature [2–5,15] we have found two algebraic deﬁnitions of multilattice,1 i.e., the
partially ordered sets that fulﬁll the previous conditions for any pair of elements in the set.
In [19] we have analyzed the ordered and algebraic deﬁnitions of multilattice proposed
by Benado [2] and by Hansen [15] and we have point out some disadvantages of such
deﬁnitions. We have also proposed a new algebraic characterization of this concept. In
our deﬁnition, a new property called weak associativity plays an important role. This new
property is really a generalization of the associative property in a lattice. Moreover, our
algebraic characterization of the multilattice concept allows us to provide an algebraic
deﬁnition of a multisemilattice as a natural generalization of the semilattice concept. We
point out that this was impossible with the deﬁnitions given by Benado and by Hansen.
It is well known that in the lattices theory [12] we can use indistinctly pairs of elements
or ﬁnite subsets to characterize them. However, this is not true when we work with multi-
semilattices and multilattices. This reason justiﬁes that we introduce in this paper two new
structures, called universal multisemilattice and universal multilattice, and we develop a
deep algebraic study about them.
1 The usefulness of the multilattice structure considered by Benado in [2] and Hansen [15] is framed within
the ﬁeld of arithmetic. However, our interest in this structure is rather different and is driven by the search for
efﬁcient automated provers for temporal logic [8,9].
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Fig. 1. (Lit, ) in FNext.
Section 2 is devoted, on one hand, to introducing the notation and the basic deﬁnitions
that we are going to use in the rest of the paper and, on the other hand, to analyzing the
generalizations of the semilattice and lattice structures from the ordered point of view.
Basically, this section is a detailed motivation of the problem that we will solve in the rest
of the paper.
In order to make this work as self-contained as possible, in Section 3, we summarize
the algebraic characterization of multisemilattice and multilattice introduced in [19]. These
algebraic structures are based on the concept of binary non-deterministic operator (i.e.,
operators of a set A in 2A) This section is justiﬁed because the algebraic characterization
we are interested in is obtained as a natural generalization of them.
In Section 4,we show the algebraic characterization of universalmultisemilattices thatwe
propose and we develop a deep study of this algebraic structure. Concretely, in Section 4.1
we generalize the concept of non-deterministic operator and the more important properties
in order to consider ﬂexible arity. The weak associativity is the more important property
that we present in this paper as we justify in the following sections and in the same way
that occurs in [19].
In Section 4.2, we present the algebraic characterization of universal multisemilattice and
we prove Theorem 4.16 that ensures the equivalency with the ordered characterization. We
highlight that the more outstanding property is the weak associativity. That is, this property
is the necessary and sufﬁcient condition to ensure that a poset is a universal multisemilattice.
Section 4.3, is devoted to providing the necessary conditions and necessary and sufﬁcient
conditions to ensure that a multisemilattice is also a universal multisemilattice. In Section
4.4 we show how the associativity reduces the universal multisemilattice structures to semi-
lattices. In Section 4.5, in a universal multisemilattice we can recognize two structures
of semilattice: total subsemilattice and relative subsemilattice. Finally, in Section 4.6 we
analyze the substructures of universal multisemilattice.
In Section 5, we extend the algebraic study of universal multisemilattice to universal
multilattice, in the same way that the lattice structure is obtained from the semilattice
structure.
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Fig. 2. (Lit, ) in FNext±.
2. Generalizing the concepts of ordered semilattices and lattices
We begin with some notations, concepts and results that we will use in the rest of the
paper. Then we analyze the feasible generalizations of the concepts of semilattices and
lattices from the ordered point of view. In the rest of the paper we propose an algebraic
characterization of these new structures.
Notation: Let (A, ) be a poset. We will denote by ↑ and ↓ the upper and lower closure
operators respectively. That is, for all B ⊆ A
B ↑ =
⋃
b∈B
[b)=
⋃
b∈B
{x ∈ A | xb}, B ↓ =
⋃
b∈B
(b] =
⋃
b∈B
{x ∈ A | xb}
and we denote by Minimal(B) the set of minimal elements of B and by Maximal(B) the set
of maximal elements of B.
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Proposition 2.1. Let (A, ) be a poset. If B1, B2 ⊆ A, we have that:
(1) Minimal (B1)= Minimal (B1 ↑),
(2) Minimal(B1 ∪ B2) = (Minimal(B1) ∩ Minimal(B2)) ∪ (Minimal(B1)\B2 ↑) ∪ (Minimal(B2)\
B1 ↑),
(3) Minimal(B1 ∩ B2) ⊇ (Minimal(B1) ∩ B2) ∪ (Minimal(B2) ∩ B1).
The dual result is also true.
Proof. 1 is immediate, and 2 and 3 are a direct consequence of the fact that a is a minimal
element of B, if and only if, B ∩ (a] = {a} therefore:
x ∈ Minimal (B1 ∪ B2) iff {x} = (B1 ∪ B2) ∩ (x] = (B1 ∩ (x]) ∪ (B2 ∩ (x])
and x ∈ Minimal (B1 ∩ B2) if and only if {x} = B1 ∩ B2 ∩ (x]. 
We deﬁne now two new operators that will be useful to formalize the new structures
introduced in this paper.
Deﬁnition 2.2. Let (A, ) be a poset. We deﬁne the two operators Cot↑, Cot↓ : 2A −→ 2A
given by
Cot↑(B)=
⋂
b∈B
[b), Cot↓(B)=
⋂
b∈B
(b].
That is, Cot↑(B) is the set of the upper bounds of B, and Cot↓(B) is the set of the lower
bounds of B. Obviously, Cot↑(B) is upper closed and, if Cot↑(B) = , then B is upper
bounded. The dual assertion is also true.
In the literature devoted to the class of partially ordered sets it is customary to deﬁne the
concepts of well-ordered (a poset in which every non-empty subset has a minimum) and
well-founded sets (a poset in which every non-empty subset has a minimal element). The
following properties characterize the well-ordered and well-founded sets and deﬁne two
new properties that will be interesting in the rest of the paper.
Lemma 2.3. LetA= (A, ) be a poset.
• A is a well-ordered set if X ⊆ (min(X)) ↑, for every = X ⊆ A.
• A is a well-founded set if X ⊆ (Minimal (X)) ↑, for every = X ⊆ A.
These properties relative to subsets will be useful to deﬁne new structures. Therefore, we
introduce the following deﬁnition.
Deﬁnition 2.4. Let (A, ) be a poset and = X ⊆ A.
• We say that X is minimum-handle if X ⊆ (min(X)) ↑.
• We say that X is minimal-handle if X ⊆ (Minimal(X)) ↑.
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Dually, we deﬁne the concepts of maximum-handle and maximal-handle set.
By using this new notation, we can give the deﬁnition of ordered semilattice and lattice
as follows.
Deﬁnition 2.5. Let A= (A, ) be a poset. We say that A is an ordered ∨-semilattice if,
for all x, y ∈ A, Cot↑({x, y}) is minimum-handle. That is,
Cot↑({x, y})= sup({x, y}) ↑
or equivalently, if for every ﬁnite subset = H ⊆ A, Cot↑(H) is minimum-handle. That is
Cot↑(H)= sup(H) ↑ .
Ordered ∧-semilattice is the dual concept and A is an ordered lattice if it is an ordered
∨-semilattice and ∧-semilattice.
It is well-known that these structures have an equivalent algebraic deﬁnition. Our goal is
to generalize these structures by replacing the minimum-handle condition by the minimal-
handle condition. Therefore, we introduce the following deﬁnition:
Deﬁnition 2.6. Let (A, ) be a poset, a ∈ A and B ⊆ A.
• A multi-supremum of B is a minimal element of Cot↑(B) and
Multi-sup(B)= Minimal(Cot↑(B)).
• A multi-inﬁmum of B is a maximal element of Cot↓(B) and
Multi-inf(B)= Maximal(Cot↓(B)).
The previous deﬁnition allows us to deﬁne an ordered multilattice.
Deﬁnition 2.7. LetA= (A, ) be a poset.
• A is an ordered ∨-multisemilattice if, for all x, y ∈ A, Cot↑({x, y}) is minimal-handle,
that is:
Cot↑({x, y})=Multi-sup{x, y} ↑ .
• Dually,A is an ordered ∧-multisemilattice if, for all x, y ∈ A, Cot↓({x, y}) is maximal-
handle, that is:
Cot↓({x, y})=Multi-inf{x, y} ↓ .
Finally, A is an ordered multilattice if it is an ordered ∨-multisemilattice and an ordered
∧-multisemilattice.
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Notice that we do not need Cot↑({x, y}) (or Cot↓({x, y}), respectively) to be non-empty.
The following proposition allows us to provide an equivalent deﬁnition.
Proposition 2.8. A poset (A, ) is an ordered multilattice if and only if, for all x, y ∈ A,
the following conditions hold:
1. If a ∈ Cot↑({x, y}) then there exists z ∈ Multi-sup({x, y}) such that za,
2. If a ∈ Cot↓({x, y}) then there exists z ∈ Multi-inf({x, y}) such that az.
Example 2.1. Let A be the poset whose diagram is
It is easy to see that this poset is an ordered ∧-multisemilattice. However, this poset is not
an ordered∨-multisemilattice. Indeed, given an arbitrary ci , we have that ci ∈ Cot↑({a, b}),
but there is not an element z ∈ Multi-sup({a, b}) that fulﬁlls zci .
Benado [2] and later Hansen [15] have offered an algebraic characterization for multilat-
tices, but not for multisemilattices. To achieve one, they introduce two algebraic operators
that are a generalization of the operators∧ and∨ in a lattice. These characterizations are not
adequate. The main reason is that they do not take into account the behavior of the operators
separately and so, they cannot give an algebraic characterization ofmultisemilattices. In [19]
we present a detailed study of the disadvantages of the algebraic characterizations proposed
by these authors. In [19] we also present a new algebraic characterization of the concept of
multilattice that generalizes the algebraic lattice structure in a natural way. Moreover, this
new characterization, in contrast to the deﬁnitions given by Benado and Hansen, allows
us to deﬁne the concept of multisemilattice as a natural generalization of the semilattice
concept. In the following section we summarize these algebraic characterizations.
In Deﬁnition 2.5 we deﬁne the ordered ∨-semilattice structure by using two equivalent
conditions. The ﬁrst one ensures that Cot↑{x, y} is minimum-handle, for all x, y ∈ A, and
the second one ensures that Cot↑(H) is minimum-handle, for all ﬁnite  = H ⊆ A.
In Deﬁnition 2.7 we introduce the deﬁnition of ordered ∨-multisemilattice structure by
generalizing the ﬁrst condition. Do we have an equivalent deﬁnition if we generalize the
second condition? The following example provides a negative answer.
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Example 2.2. Let us consider the poset A whose diagram is
Notice that (A, ) is an ordered ∨-multisemilattice. However, the set {u1, u2, ...} of all
upper bounds of the set H = {a, b, c} has no minimal elements. That is, Cot↑(H) is not
minimal-handle.
Therefore we can provide a new generalization of the ordered semilattice structure
(and therefore of the ordered lattice structure) stronger than the ordered multisemilattices
(respectively, multilattices).
Deﬁnition 2.9. LetA= (A, ) be a poset.
• A is an universal ordered ∨-multisemilattice if Cot↑(H) is minimal-handle for all ﬁnite
 = H ⊆ A. That is:
Cot↑(H)=Multi-sup(H) ↑
• Dually, A is an universal ordered ∧-multisemilattice if Cot↓(H) is maximal-handle for
all ﬁnite = H ⊆ A. That is:
Cot↓(H)=Multi-inf(H) ↓
Finally,A is an universal ordered multilattice if it is a universal ordered∨-multisemilattice
and ∧-multisemilattice.
Obviously, every universal ordered multilattice is an ordered multilattice. However, the
reciprocal result is not true, as we can see in Example 2.2. The following proposition allows
us to provide an equivalent deﬁnition.
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Proposition 2.10. A poset, (A, ), is a universal ordered multilattice if and only if for
every non-empty ﬁnite subset H of A, the following conditions are satisﬁed:
1. If x ∈ Cot↑(H), then there is a z ∈ Multi-sup(H) such that zx.
2. If x ∈ Cot↓(H), then there is a z ∈ Multi-inf(H) such that xz.
Example 2.3. The poset shown in Diag2 is an inﬁnite universal ordered multilattice, and
Diag3 shows the set of subchains of “abab”, which is a universal ordered multilattice but
not a lattice:
The main aim of this paper is to provide an algebraic characterization of the universal
multisemilattice and the universal multilattice structures. This algebraic characterization
must be a natural extension of the algebraic characterization provided in [19].
3. Algebraic multisemilattices and multilattices
In this sectionwepresent the algebraic characterization of the concepts ofmultisemilattice
and multilattice provided in [19]. Therefore, in this section we do not give any proof. The
objective of this paper is to obtain an algebraic characterization of the universal ordered
multilattice structure by generalizing the results shown in this section.
3.1. Algebraic multisemilattices
The characterization of multisemilattice that we introduce is a natural generalization of
the concept of semilattice. Therefore, we begin by analyzing the tools that we will need.
Firstly, in a partially ordered set, the set of multisupremum and multiinﬁmum of a pair
of elements are not necessarily unitary. So, it is necessary to consider operators in which
the images are sets rather than elements of the domain. These operators will be called
non-deterministic operators.
Deﬁnition 3.1. Let A be a set. We call binary non-deterministic operator (henceforth
nd-operator) in A to any application
F : A× A −→ 2A.
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As usual, if X ⊆ A, we deﬁne
F(a,X)=
⋃
x∈X
F(a, x) and F(X, a)=
⋃
x∈X
F(x, a).
Therefore, F(a,)= F(, a)=.
In the following deﬁnition we introduce the operators we are interested in.
Deﬁnition 3.2. Let (A, ) be a poset. We deﬁne the binary nd-operators F∨ and F∧ in A
as follows:
F∨(x1, x2)=Multi-sup({x1, x2}), F∧(x1, x2)=Multi-inf({x1, x2}).
From now on, we will use  to denote indistinctly ∨ or ∧.
Deﬁnition 3.3. Let F be a binary nd-operator in a set A. We say that
1. F is commutative if for all x1, x2 ∈ A we have that
F(x1, x2)= F(x2, x1).
2. F is associative if for all x1, x2, x3 ∈ A we have that
F(F(x1, x2), x3)= F(x1, F (x2, x3)).
3. F is idempotent if for all x ∈ A we have that
F(x, x)= {x}.
From this deﬁnition we obtain the following result:
Proposition 3.4. Let (A, ) be a poset. The binary nd-operators F∨ and F∧ given in
Deﬁnition 3.2 satisfy the commutative and idempotent properties.
However, the following example shows that in a multilattice we can not ensure that the
operators F∨ and F∧ satisfy the associative property.
Example 3.1. The following diagram corresponds to an ordered multilattice where F∨ is
not associative.
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because: F∨(F∨(x1, x2), x3) = F∨({x, z2}, x3) = F∨(x, x3) ∪ F∨(z2, x3) = {z1, z2} and
F∨(x1, F∨(x2, x3))= F∨(x1, y)= {z2}.
As we have seen in [19], the properties introduced by Benado in [2] and by Hansen in
[15] to replace the associativity are not a generalization of associativity. Our aim is to obtain
an algebraic characterization of multisemilattice and multilattice which are natural general-
izations of the algebraic characterization of semilattice and lattice respectively. So we need
to introduce a new property which is weaker than the associativity and is a generalization
of it.
Deﬁnition 3.5. Let F be a binary nd-operator in A. We say that F is weakly associative if
for all x1, x2, x3, z ∈ A we have that:
if F(x1, x2)= {z} then
{
F(F(x1, x2), x3) ⊆ F(x1, F (x2, x3)),
F (x3, F (x1, x2)) ⊆ F(F(x3, x1), x2).
The following theorem conﬁrms that we have reached our objective.
Theorem 3.6. Let (A, ) be a poset and the binary nd-operator F given in Deﬁnition
3.2. (A, ) is an ordered -multisemilattice if and only if F is weakly associative.
Example 3.2. Let us consider the poset given in Example 2.1 whose diagram is Diag1.
This poset is not an ordered ∨-multisemilattice, because the nd-operator F∨ is not weakly
associative:
F∨(a, F∨(b, c))= F∨(a, c)= {c}  F∨(F∨(a, b), c)= F∨(e, c)=.
To obtain the algebraic characterization we need to introduce a new property which is
satisﬁed by F in every poset.
Deﬁnition 3.7. Let F be a binary nd-operator in A. We say that F has the property of
comparability if, for all x, y ∈ A, the following conditions hold:
comp1 : if z ∈ F(x, y) then F(x, z)= F(y, z)= {z}.
comp2 : if z1, z2 ∈ F(x, y) and F(z1, z2)= {z1} then z1 = z2.
Proposition 3.8. Let (A, ) be a poset and  ∈ {∨,∧}. The binary nd-operator F
satisﬁes the comparability property.
Now we can provide the deﬁnition of algebraic multisemilattice.
Deﬁnition 3.9. An algebraic multisemilattice (A, F ) is a set A with a binary nd-operator
F in A, that satisﬁes the following properties:
(1) Commutativity.
(2) Weak associativity.
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(3) Idempotency.
(4) Comparability.
Theorem 3.10.
(i) LetM∨ = (A, ) be an ordered ∨-multisemilattice. Then, (A, F∨) where
F∨(x1, x2)=Multi-sup({x1, x2})
is an algebraic ∨-multisemilattice, denoted byMa∨.
(ii) LetM∨=(A, F∨) be an algebraic∨-multisemilattice.The set Awith the order relation
“ xy if and only if F∨(x, y)= {y}”
is an ordered ∨-multisemilattice, denoted byMo∨.
(iii) IfM∨ = (A, ) is an ordered ∨-multisemilattice, then (Ma∨)o =M∨.
(iv) IfM∨ = (A, F∨) is an algebraic ∨-multisemilattice, then (Mo∨)a =M∨.
By duality, the result is obtained for ∧-multisemilattices.
3.2. Algebraic multilattices
To obtain the algebraic characterization of the concept of multilattice, we need the fol-
lowing property.
Deﬁnition 3.11. Let F and G be binary nd-operators in A. We say that (F,G) has the
property of absorption if for all x1, x2 ∈ A we have that:
(i) G(x1, y)= {x1} for all y ∈ F(x1, x2),
(ii) F(x1, y)= {x1} for all y ∈ G(x1, x2).
The following proposition is immediate.
Proposition 3.12. Let (A, ) be a poset. The binary nd-operators F∨ and F∧ given in
Deﬁnition 3.2 satisfy the absorption property.
Obviously, a poset is anorderedmultilattice if andonly if it is anordered∨-multisemilattice
and an ordered ∧-multisemilattice. Therefore, from an ordered multilattice (A, ) we can
obtain two algebraic multisemilattices, (A, F∨) and (A, F∧). Now the question is the fol-
lowing: Given two algebraic multisemilattices, (A, F ) and (A,G), what is the condition
to ensure that both algebraic multisemilattices correspond with the same multilattice? The
following proposition answers this question and justiﬁes the algebraic characterization of
multilattices. Notice that these results are the natural extension of the same results in lattices.
Proposition 3.13. Let (A, F ) and (A,G) be algebraic multisemilattices. A necessary and
sufﬁcient condition to ensure that (F,G) satisﬁes the absorption property is the following:
F(x, y)= {y} if and only if G(x, y)= {x}.
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Now we can provide the deﬁnition of an algebraic multilattice.
Deﬁnition 3.14. An algebraic multilattice, (A, F∨, F∧), is a set A with two binary
nd-operators F∨ and F∧ in A satisfying the following properties:
(1) Commutativity.
(2) Weak associativity.
(3) Idempotency.
(4) Comparability.
(5) Absorption.
Theorem 3.15. Let F and G two binary nd-operators in a set A. Then (A, F,G) is an
algebraic multilattice if and only if the following conditions hold:
(1) (A, F ) and (A,G) are multisemilattices.
(2) (F,G) satisﬁes the absorption property.
As an immediate consequence we obtain the following result that allows us to ensure the
equivalency of both structures, the algebraic and the ordered multilattice.
Corollary 3.16.
(i) LetM = (A, ) be an ordered multilattice. Then, (A, F∨, F∧) is an algebraic mul-
tilattice denoted byMa , where:
F∨(x1, x2)=Multi-sup({x1, x2}), F∧(x1, x2)=Multi-inf({x1, x2}).
(ii) LetM = (A, F∨, F∧) be an algebraic multilattice. The set A with the order relation
given by
xy if and only if F∨(x, y)= {y}
or equivalently
xy if and only if F∧(x, y)= {x}
is an ordered multilattice, denoted byMo.
(iii) Given an ordered multilatticeM= (A, ), (Ma)o =M.
(iv) Given an algebraic multilatticeM= (A, F∨, F∧), (Mo)a =M.
4. Universal algebraic multisemilattices
In this section, our goal is to give an algebraic characterization of universal multisemi-
lattices. Note that it is not a trivial extension of the algebraic characterizations given in the
above section becausewe can not use the associative property to extend the binary operators.
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4.1. Non-deterministic operators with ﬂexible arity
Firstly, we need to generalize the concept of non-deterministic operator for any arity
[17,18].
Deﬁnition 4.1. Let A be a set. We call non-deterministic operator with arity n in A, to any
application
F : An −→ 2A
We call non-deterministic operator with ﬂexible arity in A, to any application
F : A∗ −→ 2A
where A∗ is the universal language on A, that is, A∗ =⋃n∈NAn. The elements of A∗ are
called chains, and particularly, the empty chain is denoted by ε.
As usual, if X ⊆ A, we deﬁne
F(a1 . . . , ai−1, X, ai+1, ..., an)=
⋃
x∈X
F(a1 . . . , ai−1, x, ai+1, ..., an)
Therefore, F(a1 . . . , ai−1,, ai+1, ..., an)=.
Deﬁnition 4.2. If F is a nd-operator with arity  ∈ N ∪ {∗} in a set A and = B ⊆ A.
• We call restriction of F to B, denoted by F/B , to the nd-operator in B given by F/B()=
F() ∩ B for all  ∈ B∗.
• We say that F is full if F() =  for all  ∈ A.
Deﬁnition 4.3. Let F be a nd-operator with ﬂexible arity in a set A. We say that
(1) F is commutative if for all n ∈ N and all x1, . . . , xn ∈ A we have that
F(x1, . . . , xn)= F(x1, . . . , xn)
for all permutations of n elements, .
(2) F is associative if for all n ∈ N with n2, and all x1, . . . , xn ∈ A
F(F(x1, . . . , xn−1), xn)= F(x1, F (x2, . . . , xn)).
(3) F is idempotent if for all x ∈ A and all n ∈ N with n1, we have that
F(
n
x, . . . , x)= {x}.
In the sameway thatwehave seen in the binary case,we canobtain a natural generalization
of the associative property.
Deﬁnition 4.4. Let F be a nd-operator with ﬂexible arity in a set A. We say that F is
weakly associative if for every chain  = 123 ∈ A∗ with 2 = ε and all z ∈ A
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it satisﬁes that:
if F(2)= {z}, then F(1F(2)3)=
⋂
=123
2 =ε
F (1F(2)3)
Example 4.1. Let (A, ) be a poset. If we consider the nd-operator with ﬂexible arity
F(x1...xn)= Minimal{x1, ..., xn}, it is not associative. However, it is weakly associative.
The following result is an immediate consequence from deﬁnition:
Lemma 4.5. Let F be a deterministic operator. If F is weakly associative, then it is asso-
ciative.
We highlight a particular result which is interesting for the rest of the development:
Proposition 4.6. Let F be a nd-operator with ﬂexible arity, weakly associative and idem-
potent in a set A. Then, the three following conditions are satisﬁed:
(1) For all  ∈ A∗, F()=⋂=123
2 =ε
F (1F(2)3).
(2) For all  = 123 ∈ A∗, if F(2) is an unitary set, F(2) = {z}, we have that
F()= F(1z3).
(3) Given  ∈ A∗ and z ∈ A, if F(x, z)= {z} for all x ∈ , then F(z)= {z}.
Proof.
(1) This is an immediate consequence of weak associativity and of the fact that, for the
idempotent property, we have that F(x)= {x} for all x ∈ .
(2) Let = 123 ∈ A∗ and F(2)= {z}. Then,
F(1z3)
†1=
⋂
=123
2 =ε
F (1F(2)3)
†2⊆F() †3⊆F(1z3),
where in †1 we use weak associativity; in †2 idempotency and in †3 the item (1).
Consequently, F()= F(1z3).
(3) If the length of  is 1, the result is obvious. Let us assume that the result is true for
length n. If =1x1 ∈ A∗ is a chain of length n+ 1 then, for all x ∈  we have that
F(x, z)= {z}, in particular F(x1, z)= {z}. Therefore,
F(z)= F(1x1z) †1=F(1F(x1z))= F(1z) †2={z},
where we use item 2 in †1, and the induction hypothesis in †2. 
As a consequence of the previous lemma, we obtain the following result:
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Corollary 4.7. Let F be a nd-operator with ﬂexible arity, weakly associative, commutative
and idempotent in a set A. Then, for all  ∈ A∗ we have that
F()= F(′),
where ′ is the chain obtained by eliminating repetitions of elements in .
As in the binary case, we can generalize the property of comparability for nd-operators
with ﬂexible arity.
Deﬁnition 4.8. Let F be a nd-operator with ﬂexible arity in a set A. We say that F has the
property of comparability if for all  ∈ A∗ the two following conditions are satisﬁed:
comp1: if z ∈ F() then F(z)= {z}.
comp2: if z1, z2 ∈ F() and F(z1, z2)= {z1} then z1 = z2.
Proposition 4.9. Let F be a nd-operator with ﬂexible arity, weakly associative, commuta-
tive and idempotent in a set A. If F satisﬁes the property of comparability, then:
z ∈ F() if and only if F()= {z} for all  ∈ A∗ and z ∈ . (1)
Proof. The sufﬁciency is obvious. Let us prove the necessity:
FromCorollary 4.7 we can assume that x = y for all x, y ∈ .We have that, if z ∈ F():
{z} †1=F(z) †2=F(),
where we have made use of comp1 and item 2 of Lemma 4.6 in †1, and we have made use
of Corollary 4.7 in †2. 
The following example shows that the reciprocal is not true.
Example 4.2. Let F be the binary nd-operator given in the following table:
F a b c d
a {a} {c, d} {b, d} {b, c}
b {c, d} {b} {a, d} {a, c}
c {b, d} {a, d} {c} {b, a}
d {b, c} {c, a} {b, a} {d}
F is commutative, idempotent, weakly associative and satisﬁes the property (1) given in the
previous proposition, but not comparability because, for example,
c ∈ F(a, b) but {c} = F(a, c)= {b, d}
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and, consequently, F does not satisfy comp1. Therefore, the nd-operator with ﬂexible arity
F ′ deﬁned from F as:
F ′(a)= {a} and F ′(a)= F ′(aF ′()) for all  ∈ {a, b, c, d}∗
is the counter-example we were looking for.
As in the deterministic case, our interest lays in structures that have the absorption prop-
erty. This property plays an important role in the algebraic characterization of the new
ordered structure introduced in Section 5.
Deﬁnition 4.10. Let F and G be nd-operators in A. We say that (F,G) has the property of
absorption if for every  ∈ A∗ we have that:
• If x ∈ , then G(xy)= {x} for all y ∈ F().
• If x ∈ , then F(xy)= {x} for all y ∈ G().
4.2. Multisemilattices
The nd-operators with ﬂexible arity allow us to give the algebraic characterization of the
universal multisemilattice concept.
Deﬁnition 4.11. Let (A, ) be a poset. We can deﬁne the nd-operators with ﬂexible arity
F∨ and F∧ in A as follows:
F∨(x1 . . . xn)=Multi-sup({x1, . . . , xn}),
F∧(x1 . . . xn)=Multi-inf({x1, . . . , xn}).
From this deﬁnition we obtain the following result:
Proposition 4.12. Let (A, ) be a poset and the nd-operators with ﬂexible arity F∨ and
F∧ given in Deﬁnition 4.11. These nd-operators satisfy the commutative, idempotent and
comparability properties.
The following theorem establishes the more outstanding properties of F∨ and F∧.
Theorem 4.13. Let (A, ) be a poset and the nd-operators with ﬂexible arity F∨ and F∧
given in Deﬁnition 4.11. Then, given = 12 ∈ A∗ where 2 = ε we have that:
(1) F∨()= Minimal F∨(1F∨(2)).
(2) F∧()= Maximal F∧(1F∧(2)).
(3) F() ⊆⋂=12
2 =ε
F(1F(2)).
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Proof. To prove F∨()=Minimal F∨(1F∨(2)), from Proposition 2.1 it is enough to prove
that F∨(1F∨(2)) ↑ =Cot↑(). The inclusion F∨(1F∨(2)) ↑ ⊆ Cot↑() is evident. If
z ∈ Cot↑() then, by the deﬁnition of F∨, there exists z1 ∈ F∨(2) such that z1z and
z ∈ Cot↑(1z1). Again, by the deﬁnition of F∨, z2 ∈ F∨(1z1) ⊆ F∨(1F∨(2)) exist,
where z2z. Therefore, z ∈ F∨(1F∨(2)) ↑. The proof for F∧ is similar.
Item 3 is immediate from 1. 
The example given below shows that, in general, the nd-operator F is not associative
in a universal ordered -multisemilattice.
Example 4.3. The following diagram corresponds to a universal∨-multisemilattice where
F∨ is not associative.
because: F∨(F∨(x1, x2), x3) = F∨({x, z2}, x3) = F∨(x, x3) ∪ F∨(z2, x3) = {z1, z2} and
F∨(x1, F∨(x2, x3))= F∨(x1, y)= {z2}.
The next proposition shows that the weakly associative property is veriﬁed in every
universal ordered -multisemilattice.
Proposition 4.14. Let (A, ) be a poset and the nd-operator with ﬂexible arity F given
in Deﬁnition 4.11. (A, ) is a universal ordered -multisemilattice if and only if F is
weakly associative.
Proof. We prove it for  = ∨. Given that F∨ is commutative, it is enough to prove that
given = 12 ∈ A∗ where 2 = ε, if F∨(2)= {z}, then:
F∨(1F∨(2))=
⋂
=12
2 =ε
F∨(1F∨(2)).
Since F∨(2)={z}, we have that F∨(1F∨(2))=Minimal F∨(1F∨(2)) and, in obviously,
the result is an immediate consequence of Theorem 4.13. 
Now we can provide the deﬁnition of a universal algebraic multisemilattice.
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Deﬁnition 4.15. An universal algebraic multisemilattice, (A, F ), is a set A with a nd-
operator F with ﬂexible arity in A, that satisﬁes the following properties:
(1) Commutativity.
(2) Weak associativity.
(3) Idempotency.
(4) Comparability.
Example 4.4. Let us consider the poset A whose diagram is
This poset is not a universal algebraic ∨-multisemilattice, because for  = u3abc, with
1 = ε, 2 = u3 and 3 = abc, we have that
F(1F(2)3) =
⋂
=123
2 =ε
F (1F(2)3)
because F(1F(2)3)={u3}, and if we take 1= u3, 2= abc and 3= ε, we have that
F(2)=, and soF(1F(2)3)=, and consequently⋂=123
2 =ε
F (1F(2)3)=.
Theorem 4.16.
(i) LetM∨ = (A, ) be a universal ordered ∨-multisemilattice. Then, (A, F∨) where
F∨(x1 . . . xn)=Multi-sup({x1, . . . , xn})
is a universal algebraic ∨-multisemilattice, denoted byMa∨.
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(ii) LetM∨=(A, F∨) be a universal algebraic∨-multisemilattice. The set A with the order
relation
“ xy if and only if F∨(xy)= {y}”
is a universal ordered ∨-multisemilattice, denoted byMo∨.
By duality, the result is obtained for universal ∧-multisemilattices.
Proof.
(i) Let us assume thatM∨= (A, ) is a universal ordered∨-multisemilattice. The Propo-
sitions 4.12 and 4.14 ensure thatF∨ veriﬁes the axioms inDeﬁnition 4.15 and, therefore,
Ma∨ = (A, F∨) is a universal algebraic ∨-multisemilattice.
(ii) Conversely, let us assume thatM∨=(A, F∨) is a universal algebraic∨-multisemilattice.
Firstly, let us see that  is an order relation:
• The idempotency property ensures that  is reﬂexive.
• The commutative property ensures that  is antisymmetric.
•  is transitive because, for all x, y, z ∈ A, if xyz, then F∨(xy) = {y} and
F∨(yz) = {z} and, from weak associativity, F∨(F∨(xy)z) = F∨(xF∨(yz)), that is,
{z} = F∨(xz).
Let us prove that, if x ∈ Cot↑({x1, x2}), then there exists z ∈ A, such that zx and
z ∈ F∨(x1x2). Based on the hypothesis F∨(x1x) = {x} and F∨(x2x) = {x} and, item 2
of Proposition 4.6, we have that F∨(x1x2x) = {x}. Therefore, according to the property
of weak associativity, {x} ⊆ F∨(F∨(x1x2)x), that is, there exists z ∈ F∨(x1x2) such that
x ∈ F∨(zx) and, from Proposition 4.9, F∨(zx)= {x}, so, zx. 
Theorem 4.17.
(i) IfM = (A, ) is a universal ordered -multisemilattice, then (Ma)o =M.
(ii) IfM = (A, F) is a universal algebraic -multisemilattice, then (Mo)a =M.
Proof. Item (i) is immediate. LetM∨=(A, F∨) be a universal algebraic∨-multisemilattice,
and (Mo∨)a = (A, F ′∨). First we will prove that F∨ ⊆ F ′∨.
If z ∈ F∨(), by the comparability property, F∨(xz) = {z} for all x ∈ , and so
z ∈ Cot↑F∨ (). Next, we prove that z is a minimal element of the set Cot
↑
F∨ (). If
z1 ∈ Cot↑F∨ () where z1z, we can ensure that exists z2 ∈ F∨() such that z2z1z.
Then, by comparability, z2 = z and, consequently, z ∈ F ′∨().
Finally, we prove that F ′∨ ⊆ F∨, that is, if z is a minimal element in Cot↑F∨ (), then
z ∈ F∨(). Since z is an upper bound (with respect to the order F∨ ) of , we have that
F∨(xz) = {z} for all x ∈  and, therefore, there exists z1 ∈ F∨() where z1z. On the
other hand, the comparability property ensures that z1 ∈ Cot↑F∨ () and, as z is a minimal
element of this set, z= z1. 
J. Martínez et al. / Discrete Mathematics 295 (2005) 107–141 127
4.3. From multisemilattices to universal multisemilattices
Our goal, as in lattice theory [12], is to work indistinctly with pairs of elements or with
ﬁnite subsets, that is, to determinate conditions under which it can be ensured that the
concepts of multisemilattices and universal multisemilattices are equivalent.
Obviously, every universal multisemilattice is amultisemilattice. However, the reciprocal
result is not true, as we can see in Example 4.4.
The following result is immediate:
Lemma 4.18. Let (A, ) be a universal ordered ∨-multisemilattice such that for all
x1, x2 ∈ A we have thatMulti-sup({x1, x2}) is a ﬁnite set. Then:
(1) Multi-sup({x1, ..., xn}) is a ﬁnite set for all x1, ..., xn ∈ A.
(2) IfMulti-sup({x1, ..., xn})= {y1, ..., ym}, then
Multi-sup({x1, ..., xn+1})= Minimal
(
m⋃
i=1
Multi-sup({yi, xn+1})
)
The dual result is also true.
The following lemma gives a condition to ensure that a multisemilattice is a universal
multisemilattice
Lemma 4.19. Let (A, ) be an ordered ∨-multisemilattice. If Multi-sup({x1, x2}) is a
ﬁnite set for any pair x1, x2 ∈ A, then (A, ) is a universal ordered ∨-multisemilattice.
The dual result is also true.
Proof. We have to prove that for every non-empty ﬁnite subset H of A, if a ∈ Cot↑(H) then
there exists z ∈ Multi-sup(H) such that a ∈ [z).
If |H | = 2, the result is obvious. Let us assume that the result is true for |H | = n, and let
us see that it is also true for |H | = n+ 1.
LetH={x1, ..., xn+1}, a ∈ Cot↑(H) andMulti-sup({x1, ..., xn})={y1, ..., ym}. Obviously
we have that a ∈ Cot↑({x1, ..., xn}) and by the induction hypothesis a ∈ [yi) with yi ∈
Multi-sup({x1, ..., xn}).
On the other hand, a ∈ [xn+1) and so a ∈ [zj ) with zj ∈ Multi-sup({yi, xn+1}).
If zj ∈ Minimal
(⋃m
i=1 Multi-sup({yi, xn+1})
)
then zj ∈ Multi-sup({x1, ..., xn+1}) and so
(A, ) is a universal ordered ∨-multisemilattice.
If zj /∈Minimal
(⋃m
i=1 Multi-sup({yi, xn+1})
)
, as
⋃m
i=1 Multi-sup({yi, xn+1}) is a ﬁnite set,
we have that there exists zk ∈ Minimal
(⋃m
i=1Multi-sup({yi, xn+1})
)
such that zj ∈ [zk) and
so a ∈ [zk) with zk ∈ Multi-sup(H) and it is also prove that (A, ) is a universal ordered
∨-multisemilattice. 
The following example shows that the condition given in Lemma 4.19 is not a necessary
condition.
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Example 4.5. Let us consider the poset A whose diagram is
This poset is a universal algebraic ∨-multisemilattice.
In [ ]we have introduced a new property for nd-operators with ﬂexible arity, called strong
groupability. The most relevant result is that, in the absence of associativity, this property
also allows us to work with either binary or ﬂexible arity nd-operators.
Deﬁnition 4.20. Let F a nd-operator with ﬂexible arity in A and F2 the binary nd-operator
given by F2(x, y)=F(xy). We say that F has the property of strong groupability if for any
chain  = b1b2 . . . bn ∈ A∗, with Long()= n> 2 we have that there exists  ∈ S([n])
such that
F()= F2(F2(F2(. . . F2(F2(b(1), b(2)) , b(3)) . . .) , b(n−1)) , b(n)).
The following lemma gives a condition to ensure when a multisemilattice is a universal
multisemilattice
Lemma 4.21. Let (A, ) be an ordered ∨-multisemilattice and let us consider the nd-
operator with ﬂexible arity in A given by
F∨(x1...xn)=Multi-sup({x1, ..., xn}).
If such operator veriﬁes the strong groupability property, then (A, ) is a universal ordered
∨-multisemilattice.
The dual result is also true.
The following example shows that the condition given in Lemma 4.21 is not a necessary
condition.
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Example 4.6. Let us consider the poset whose diagram is Diag6:
This poset is a universal ∨-multisemilattice. However, the nd-operator F is not strong
groupable, because if we consider=x1x2x3, we have that F(x1x2x3)={x7, x8, x10} and:
F∨(x1F∨(x2x3))= F∨(x1{x6, x8})= {x7, x8, x10, x11},
F∨(x2F∨(x1x3))= F∨(x2{x5, x7, x8, x10})= {x7, x8, x9, x10},
F∨(x3F∨(x1x2))= F∨(x3{x4, x10})= {x7, x8, x10, x12}.
Theorem 4.22. Let (A, )be a∨-multisemilattice and let us consider the nd-operatorwith
ﬂexible arity F(x1...xn) = Multi-sup({x1, ..., xn}). Then (A, ) is a universal
∨-multisemilattice if and only if the following condition is satisﬁed:
F(xF()) is minimal-handle for all x ∈ A and all  ∈ A∗. (2)
The dual result is also true.
Proof. Obviously, if (A, ) is a universal ∨-multisemilattice then the condition (1) is
satisﬁed, because F(x)=Multi-sup{(x,)}, using Theorem 4.13 we have that F(x)=
Minimal F(xF()), and then F(xF()) ⊆ (Minimal F(xF())) ↑.
Conversely, let us prove that if condition (2) is satisﬁed, then (A, ) is a universal
∨-multisemilattice. We will prove it by induction hypothesis, that is, that for all  ∈ A∗,
Cot↑() is minimal-handle.
Obviously the result is true for long()=0, long()=1 and long()=2. Let us assume
that the result is true for long()n, and let us see that it is also true for x with x ∈ A.
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We must prove that Cot↑(x) ⊆ F(x) ↑. By Theorem 4.13, we have that F(x) =
Minimal F(xF()). If z ∈ Cot↑(x), then:
• z ∈ Cot↑() and by induction hypothesis there exists y ∈ F() such that yz.Moreover,
we have that F(xy) ⊆ F(xF()).
• z ∈ Cot↑({x, y}), and as (A, ) is a ∨-multisemilattice there exists z′ ∈ F(xy) such that
z′z.
As F(xF()) is minimal-handle, there exists z′′ ∈ Minimal F(xF()) = F(x) such that
z′′z′z. 
4.4. Associativity and semilattices
In this section we prove that, the presence of associativity reduces universal multisemi-
lattices to semilattices.
Deﬁnition 4.23. We say that a universal -multisemilattice (A, F) is bounded if the
underlying poset is bounded.
Obviously, we have that:
Lemma 4.24. For every bounded universal -multisemilattice (A, F), F is full.
Deﬁnition 4.25. Let (A, F) be a universal-multisemilattice.We say that it is associative
if F veriﬁes the associative property.
Theorem 4.26. Let (A, F) be a universal -multisemilattice. Then, A is a -semilattice
if and only if F is associative and full.
Moreover, if (A, F) is a bounded universal -multisemilattice, A is a -semilattice if
and only if F has the associative property.
Proof. It is obvious that if A is a-semilattice, then F is associative and full. Conversely,
we will prove that ifF is associative and full, thenA is a-semilattice, that is, |F()|=1
for any  ∈ A∗.
F is full and so F() = . If z1 ∈ F(), by comp1, F(z1) = {z1}, and by the
associative property, we have that
{z1} = F(z1)= F(F()z1)
Therefore, for all z2 ∈ F() we have that {z1} = F(z2, z1) and, by the comp2 property,
we have that z1 = z2. 
4.5. Semilattices in a universal multisemilattice
Given a universal multisemilattice, we can deﬁne the following structures.
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Deﬁnition 4.27. Let (A, F) be a universal-multisemilattice and = B ⊆ A such that
(B,′) is a semilattice. We say that (B,′) is a total subsemilattice of A if it satisﬁes the
following condition:
′() ⊆ F()
for all  ∈ A∗.
Example 4.7. In the following diagrams, Diag7 represents a universal ∨-multisemilattice
A, and Diag8, and Diag9 are total subsemilattices of A.
Deﬁnition 4.28. Let (A, F) be a universal -multisemilattice. We call the relative sub-
semilattice of A to (A,Selec), where
Selec : A∗ → 2A
is the nd-operator given by
Selec()= {z} if F()= {z} and Selec()= in another case.2
Example 4.8. Given the universal ∨-multisemilattice (A, ) whose associate diagram is
Diag12,
its relative subsemilattice is (A,Selec∨), where Selec∨(a, b)= and Selec∨() is an unitary
set in an other case.
4.6. Submultisemilattices
As usual, we can give the following deﬁnition:
2 Notice that, Selec∨ ()= {z} if and only if z= sup  and Selec∧ ()= {z} if and only if z= inf .
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Deﬁnition 4.29. Given a universal -multisemilattice (A, F) and a subset = B ⊆ A,
we say that B is a -submultisemilattice of A if the restriction of F to B, F/B , provides
the structure of universal -multisemilattice to B.
A ﬁrst approach to characterize submultisemilattices, could be the following:
A subset B of a universal -multisemilattice (A, F) is a -submultisemilattice of A
if for all  ∈ B∗ such that F() =  we have that F() ∩ B = .
However, this characterization is not the appropriate one, as we can see in the following
example:
Example 4.9. Let (A, ) be a universal ∨-multisemilattice whose diagram is:
and B = A − {d}. Although B satisﬁes that F∨() ∩ B =  for all  ∈ B∗, it is not a
∨-multisemilattice.
From the deﬁnition of a universal orderedmultisemilattice we obtain the following result.
Lemma 4.30. Let (A, ) be a universal ∨-multisemilattice, and = B ⊆ A. Then, B is
a ∨-submultisemilattice if and only if for all x ∈ B we have that, if x1, ..., xn ∈ (x] ∩ B,
then F∨() ∩ (x] ∩ B = , where = x1...xn.
The dual result is also true.
From the deﬁnition of a universal algebraic multisemilattice we have the following result.
Lemma 4.31. Let (A, F) be a universal-multisemilattice and = B ⊆ A. Then, B is
a-submultisemilattice if and only if the restriction ofF to B,F/B , is weakly associative.
From these two lemmas, we obtain the following theorem:
Theorem 4.32 (Submultisemilattices characterization). Let (A, F) be a universal
-multisemilattice,  = B ⊆ A, and F/B the restriction to B of F. Then, B is
a -submultisemilattice if and only if for all x ∈ B and 1,2 ∈ B∗ it satisﬁes that:
F/B(1x)= F/B(2x)= {x} implies that x ∈ F/B(F/B(12)x)
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Example 4.10. Let the universal ∨-multisemilattice (A, ) whose associate diagram is
Diag12, and the subsets B1 = {a, b, c} and B2 = {a, b, 1}. Then
(B1, F∨/B1) is a submultisemilattice of (A, F∨), but (B2, F∨/B2) is not a submultisemilattice
of (A, F∨).
5. Universal algebraic multilattices
Now we are going to generalize the concept of algebraic multilattice.
The next lemma is an immediate consequence of the universal ordered multilattice
deﬁnition:
Lemma 5.1. Let (A, ) be a universal ordered multilattice and the nd-operators with
ﬂexible arity F∨ and F∧ given in Deﬁnition 4.11. Then, (A, ) is a lattice if and only if for
all  ∈ A∗\{ε} we have that F∨() and F∧() are unitary sets.
The next example shows that in the previous lemma it is not possible to make weaker the
hypothesis that (A, ) is a universal ordered multilattice.
Example 5.1. Let us consider the poset whose diagram is
In this poset, the image of F∨ and F∧ of any ﬁnite chain is an unitary set, but however it is
neither a lattice nor a multilattice.
Given that, if (A, ) is a universal orderedmultilattice we have that (A, F∨) and (A, F∧)
are universal ordered multisemilattices, we have the following result:
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Lemma 5.2. Let (A, ) be a universal ordered multilattice. Then, the nd-operators F∨
and F∧ given in Deﬁnition 4.11 satisfy the commutative, idempotent, comparability and
weakly associative properties.
The following result allows us to relate the two universal ordered multisemilattices
(A, F∨) and (A, F∧):
Lemma 5.3. Let (A, ) be a universal ordered multilattice. Then, the nd-operators F∨
and F∧ given in Deﬁnition 4.11 satisfy the absorption property.
Proof. We have to prove that for all  ∈ A∗ and for all x ∈  it is veriﬁed that:
• If y ∈ F∨(), then F∧(xy)= {x}.
• If y ∈ F∧(), then F∨(xy)= {x}.
If y ∈ F∨(), then xy and, therefore, Cot↓(x, y) = (x]. So, we have that x is the
maximum of Cot↓(x, y), that is, F∧(xy)= {x}. The second item is dual. 
Now, we can provide the deﬁnition of a universal algebraic multilattice.
Deﬁnition 5.4. An universal algebraic multilattice, (A, F∨, F∧), is a set A with two
nd-operators with ﬂexible arity F∨ and F∧ in A such that the following axioms are
satisﬁed:
(1) Commutativity.
(2) Weak associativity.
(3) Idempotency.
(4) Comparability.
(5) Absorption.
Lemma 5.5. Let F and G be two nd-operators with ﬂexible arity in a set A such that they
verify the absorption property. Then:
(1) F(ab)= {a} if and only if G(ab)= {b}.
(2) F and G satisfy the comp1 property.
Proof. (1) is immediate. The proof of (2) is as follows: If z ∈ F(), then according to the
absorption property we have thatG(xz)= {x} for all x ∈ , and according to item 1, if we
apply again the absorption property, we have that F(xz)= {z} for all x ∈ . 
Notice that from this result, we can modify the Deﬁnition 5.4 of a universal algebraic
multilattice, by substituting the properties of comparability given in axiom (4)
by comp2:
Deﬁnition 5.6. An universal algebraic multilattice, (A, F∨, F∧), is a set A with two
nd-operators with ﬂexible arity F∨ and F∧ in A such that the following axioms
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are satisﬁed:
(1) Commutativity.
(2) Weak associativity.
(3) Idempotency.
(4) comp2.
(5) Absorption.
Notice that in the previous lemma we can not substitute comp1 by comp2, that is, comp2
is not derived from the absorption property.
The following example shows a set with two binary nd-operators that verify all the
properties from Deﬁnition 5.6, except property (4):
Example 5.2. Let us consider the binary nd-operators F and G in A={1, 2, 3, 4, 5}, given
by the following tables:
F 0 1 2 3 4 5
0 {0} {1} {2} {3} {4} {5}
1 {1} {1} {3, 4, 5} {3} {4} {5}
2 {2} {3, 4, 5} {2} {3} {4} {5}
3 {3} {3} {3} {3}  
4 {4} {4} {4}  {4} 
5 {5} {5} {5}   {5}
G 0 1 2 3 4 5
0 {0} {0} {0} {0} {0} {0}
1 {0} {1}  {1} {1} {1}
2 {0}  {2} {2} {2} {2}
3 {0} {1} {2} {3} {0, 1, 2} {0, 1, 2}
4 {0} {1} {2} {0, 1, 2} {4} {0, 1, 2}
5 {0} {1} {2} {0, 1, 2} {0, 1, 2} {5}
It is easy to prove that (A, F,G) satisﬁes all the properties of a multilattice except comp2.
For example, 0, 1 ∈ G(3, 4), G(0, 1)= {0}, and 0 = 1.
Theorem 5.7.
(i) LetM= (A, ) be a universal ordered multilattice. Then, (A, F∨, F∧) is a universal
algebraic multilattice denoted byMa , where:
F∨(x1 . . . xn)=Multi-sup({x1, . . . , xn}),
F∧(x1 . . . xn)=Multi-inf({x1, . . . , xn}).
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(ii) Let M = (A, F∨, F∧) be a universal algebraic multilattice. The set A with the order
relation given by
xy if and only if F∨(xy)= {y}
or equivalently
xy if and only if F∧(xy)= {x}3
is a universal ordered multilattice, denoted byMo.
Proof.
(i) Let us assume thatM= (A, ) is a universal ordered multilattice and
F∨(x1 . . . xn)=Multi-sup ({x1, . . . , xn}),
F∧(x1 . . . xn)=Multi-inf ({x1, . . . , xn}).
Lemmas 5.2 and 5.3 ensure that the axioms of Deﬁnition 5.4 are satisﬁed and
therefore thatMa = (A, F∨, F∧) is a universal algebraic multilattice.
(ii) Conversely, let us assume thatM = (A, F∨, F∧) is a universal algebraic multilattice,
and we deﬁne in A the relation
xy if and only if F∨(xy)= {y}(or xy iff F∧(xy)= {x})
The proof that  is an order relation, and that (A, ) is a universal ordered multilattice
is similar to that of item (ii) in Theorem 4.16. 
The following theorem ensures that Deﬁnitions 2.9 and 5.4, are equivalent:
Theorem 5.8.
(i) Given a universal ordered multilatticeM= (A, ), (Ma)o =M.
(ii) Given a universal algebraic multilatticeM= (A, F∨, F∧), (Mo)a =M.
Proof. The proof is similar to Theorem 4.17. 
Finally, we can obtain the following immediate result.
Proposition 5.9. Let (A, F∨)and (A, F∧)beuniversalmultisemilattices.Then, (A, F∨, F∧)
is a universal multilattice if and only if (F∨, F∧) satisﬁes the property of absorption.
5.1. Associativity and lattices
In this section we prove that, the presence of associativity reduces universal multilattices
to lattices.
3 By Lemma 5.5.
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Deﬁnition 5.10. A universal multilattice (A, F∨, F∧) is bounded if the underlying poset is
bounded.
Deﬁnition 5.11. Let (A, F∨, F∧) be a universal multilattice.We say that A is full if F∨ and
F∧ are full nd-operators.
Obviously:
Lemma 5.12. Every bounded multilattice is full.
Deﬁnition 5.13. Let (A, F∨, F∧) be a universal multilattice. We say that A is associative
if F∨ and F∧ satisfy the associative property.
Theorem 5.14. Let (A, F∨, F∧) be a full universal multilattice. Then, the following
conditions are equivalent:
(1) F∨ is associative.
(2) F∧ is associative.
(3) A is a lattice.
Proof. It is immediate to prove that item (3) implies items (1) and (2).
To prove that item (1) implies item (3) (and, by duality, that item (2) implies item (3)) it is
sufﬁcient to verify that if F∨ is associative and full, then F∨() and F∧() are unitary sets
for any  ∈ A∗. F∨() is unitary by Theorem 4.26. Let us see that F∧() is also unitary:
Let= x1...xn. Since F∧ is full, we have that F∧() = . Let z1, z2 ∈ F∧(), then we
have that z1, z2 ∈ Multi-inf(x1, ..., xn). On the other hand, x1, ..., xn ∈ Cot↑({z1, z2}) and,
since F∨(z1, z2) is unitary, x = sup({z1, z2}) exists, and therefore, x ∈ Cot↓({x1, ..., xn}).
Also, since z1x and z2x, the maximality of z1 and z2 ensures that z1= x= z2. Finally,
the Lemma 5.1 ensures that A is a lattice. 
Corollary 5.15. Let (A, F∨, F∧) be a bounded universal multilattice. A is a lattice if and
only if A is associative.
5.2. Generalizing the concept of weak partial lattice
In [12] is given the concept of partial lattice or relative sublattice of a latticeAby restricting
the operators in A to a subset B ⊆ A. Thus, every subset of a lattice determines a partial
lattice. Moreover the concept of weak partial lattice is given, showing that every partial
lattice is a weak partial lattice.
Our goal is to generalize the concept of weak partial lattice for nd-operators with ﬂexible
arity.
Deﬁnition 5.16. A weak partial lattice is a set,A, with two nd-operators with ﬂexible arity,
F∧ and F∨, that satisfy absorption properties and also:
(1) |F()|1 for any  ∈ A∗.
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(2) F is idempotent and commutative.
(3) If = 123, 1 = ε, F() =  and F(1) = , then
F()= F(1F(2)3).
Comparing the deﬁnition of a multilattice and the deﬁnition of a weak partial lattice
(Deﬁnition 5.16) might lead to think that any weak partial lattice, (A, F∨, F∧), is a multi-
lattice where |F()|1 for every chain  ∈ A∗. However, the following example shows
that this is not true.
Example 5.3. Given the lattice A whose associate diagram is
the subset B = {0, a, b, 1} determines a weak partial lattice.
However, considering these operators as nd-operators, we do not have a multilattice
because
F∨(F∨(1, a), b)= F∨(1, b)= {1}
But F∨(a, b)= which means that the weak associativity is not satisﬁed.
Notice that the difference among weak partial lattice and multilattice comes from item 3
in Deﬁnition 5.16.
The following result is an immediate consequence of Theorem 5.14 and the deﬁnitions
off a multilattice and a weak partial lattice.
Theorem 5.17. Let A be a set and F∨ and F∧ two nd-operators with ﬂexible arity in A.
(A, F∨, F∧) is an associative multilattice if and only if the two following conditions are
satisﬁed
(1) (A, F∨, F∧) is a weak partial lattice.
(2) If F() = , then, F(1) =  for all ε = 1   and  ∈ {∨,∧}.4
Example 5.4. The set of all the sublattices of a lattice with the order relation ⊆ is an
associative multilattice and a weak partial lattice.
5.3. Lattices in a universal multilattice
Deﬁnition 5.18. Let (A, F∨, F∧) be a universal multilattice and  = B ⊆ A such that
(B,∨′,∧′) is a lattice. We say that B is a total sublattice of A if it satisﬁes the following
4 It is enough to prove that F(F(a, b), c) =  implies that F(b, c) = 
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conditions:
(1) ∨′() ⊆ F∨().
(2) ∧′() ⊆ F∧().
for all  ∈ A∗.
Example 5.5. Diagram Diag15 represents a multilattice and diagrams Diag16 and Diag17
are total subsublattices of A.
Deﬁnition 5.19. Let (A, F∨, F∧) be a multilattice. We call (A,Selec∨ ,Selec∧), the relative
sublattice of A to where
Selec∨ : A∗ → 2A and Selec∧ : A∗ → 2A.
are the nd-operators given by
• Selec()= {z} if F()= {z}. 5
• Selec()= in other case.
Example 5.6. Let (A, ) be the multilattice whose associate diagram is
The relative sublattice (A,Selec∨ ,Selec∧), is not associative, because Selec∨(Selec∨(1a)b)=
{1} and Selec∨(ab)=
5 Selec∨ ()= {z} if and only if z= sup(). Selec∧ ()= {z} if and only if z= inf().
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Example 5.7. Given the multilattice (A, ) whose associate diagram is
the relative sublattice (A,Selec∨ ,Selec∧) is associative. By adding the maximum and the
minimum we have the following lattice:
Lemma 5.20. Let (A, F∨, F∧) be a multilattice and (A,Selec∨ ,Selec∧) its relative sublat-
tice. Then, (A,Selec∨ ,Selec∧) is a weak partial lattice.
5.4. Submultilattices
As usual, we can give the following deﬁnition:
Deﬁnition 5.21. Let (A, F∨, F∧) be a universal multilattice. We say that = B ⊆ A is a
submultilattice of A if (B, F∨/B, F∧/B) is a universal multilattice.
From the deﬁnition of a universal ordered multilattice, we have the following immediate
result.
Lemma 5.22. Let (A, ) be a universal ordered multilattice, and  = B ⊆ A. Then, B
is a submultilattice if and only if for all x ∈ B the two following conditions are satisﬁed:
(1) if x1, ..., xn ∈ (x] ∩ B then F∨() ∩ (x] ∩ B = , where = x1...xn.
(2) if x1, ..., xn ∈ [x) ∩ B then F∧() ∩ [x) ∩ B = , where = x1...xn.
From the deﬁnition of a universal algebraic multilattice, the following immediate result
is obtained.
Lemma 5.23. Let (A, F∨, F∧) be a universal algebraic multilattice and  = B ⊆ A.
Then, B is a submultilattice if and only if the restrictions of F∨ and F∧ to B, F∨/B and F∧/B
are weakly associative.
From these two lemmas, the following theorem is obtained.
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Theorem 5.24 (Submultilattices characterization). Let (A, F∨, F∧) be a universal multi-
lattice,  = B ⊆ A and F∨/B and F∧/B the restrictions to B of F∨ and F∧. Then, B is a
submultilattice if and only if for all x ∈ B and 1,2 ∈ B∗ the two following conditions
are satisﬁed:
(1) F∨/B(1x)= F∨/B(2x)= {x} implies that x ∈ F∨/B(F∨/B(12)x)
(2) F∧/B(1x)= F∧/B(2x)= {x} implies that x ∈ F∧/B(F∧/B(12)x)
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